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It was conjectured by Chung and Hwang that a series-parallel

regular linear graph is superior to another if its degree sequence
majorizes the degree sequence of the other. A counterexample to this

conjecture is given.

The following definitions are taken from Refs. 1 and 2. Consider a t-

stage linear graph with a source (the vertex of the first stage) and a

sink (the vertex of the last stage). All the vertices are arranged in a

sequence of stages such that, for each edge, one vertex is in stage i and
the other vertex is in stage i + 1, for some i. Each edge is in one of two
states, busy or idle. A linear graph is blocked if every path joining the

source and the sink contains a busy edge. Assume that any edge

connecting a vertex in stage i with a vertex in stage i+ 1 has probability

Pi of being busy for 1 < i < t — 1. For a f-stage linear graph, the

sequence {pu p2, •••
, pt-\) is called the link occupancies for that

graph. One £-stage linear graph is superior to another if, for any given

link occupancies, the blocking probability of the first graph does not

exceed that of the second.

Let e be an edge from a vertex a in stage i to a vertex 6 in stage i

+ 1. Define X(e) to be the ratio of the outdegree of a to the indegree

of b. A £-stage linear graph is regular if, for each i, 1 S i < t — 1, if e

and /are any two edges between stage i and stage f + 1, than \(e) =
X(f). In this case, let A, = Me). Thus a regular linear graph is associated

with a unique degree sequence (Xi, A2 ,
• • •

, Xt-\).

A degree sequence (Ai, A2, • • • , A,-i) majorizes another degree

sequence (A/, A2', • • • , A,_i') if and only if A1A2 • • • A, > A/A2' • • • A,' for

every i, 1 < i < t — 1.

A series-parallel regular linear graph is a regular linear graph which
is either a series combination or a parallel combination of two smaller
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series-parallel regular linear graphs with an edge being the smallest

such graph.

I. A COUNTEREXAMPLE

In Ref. 2, Chung and Hwang conjectured that one series-parallel

regular linear graph is superior to another if the degree sequence of

the first majorizes the degree sequence of the second.

The graphs of Fig. 1 are a counterexample to this conjecture. The

degree sequence of graph (a) is (2, 1, 1, 1/2), the degree sequence of

graph (b) is (2, 1/2, 2, 1/2). Thus, the degree sequence of graph (a)

majorizes the degree sequence of graph (b).

(a)

(b)

Fig. 1—Counterexample.

Let (pi, pi, p3, Pi) be the link occupancies of the two graphs. Let qi

= 1- pi, for 1 < i < 4. Then the blocking probability of graph (a) is A
= (1 - q^qzq*)

2
. The blocking probability of graph (b) is B = (pi +

Pl ~ PiPif + (P3 + PA- P&i? ~ (Pi + Pi ~ PiP2f(P3 +P4~ PzPA?.

Now leta = 0.1, for 1 < i < 4. Then A = (1 - (0.9)
4
)

2 = (1 - 0.6551)
2

> (1 - 0.7)
2 = 0.09. But B = 2(0.19)

2 - (0.19)
4 < 2(0.2)

2 = 0.08. Thus

for this set of p.'s, the blocking probability of graph (b) is less than

that of graph (a); so graph (a) is not superior to graph (b), contradicting

the conjecture.
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